ABSTRACT A regular graph design RGD(v; k; r) is a design on v points with blocks of size k and constant replication number r, such that any two points belong to either 1 or 1 +1 common blocks, for some constant 1 . We investigate resolvable regular graph designs with block size 4. In particular we determine the spectrum of such designs for v 16.
Introduction
A regular graph design RGD(v; k; r) is a collection of blocks of size k on a v-set such that every element occurs in r blocks and any pair of objects occur together in either 1 or 2 If is an integer, then an RGD is a balanced incomplete block design; the interesting cases are usually those where is not an integer, so that no BIBD exists.
Given elements x and y, let xy denote the number of blocks containing fx; yg; for xed x, write n i (x) for the number of elements y such that xy = i . We observe that n 1 (x) 1 + n 2 (x) 2 = r(k ? 1);
by counting (with multiplicity preserved) all elements other than x in the blocks containing are independent of the choice of x. We write d = n 2 (x). The graph formed by taking v elements as the vertices and joining x to y if and only if xy = 2 is a regular graph of degree d, which is called the graph of the design; the edges are called the special pairs of the design. Balanced incomplete block designs are regular graph designs whose graph is empty. Regular graph designs were introduced by John and Mitchell 5 ] , and have been studied because it is conjectured 5 ]that if a regular graph design exists for given parameters then it is optimal. This has been further discussed by various authors | see the survey by Cheng 2 ] .
It is interesting to consider regular graph designs with various special properties. In this paper we discuss resolvable regular graph designs (RRGDs). A design is resolvable if its blocks can be partitioned into r parallel classes or resolutions such that each element occurs in exactly one block in each class. We discuss the existence of resolvable regular graph designs with block size 4, on 8, 12 and 16 points.
2. Another view of the problem.
Resolvable regular graph designs were also introduced in a di erent way in 3 ]. The authors discuss a bridge club consisting of 12 couples. At each meeting the club is divided into 3 groups of 4 couples, and each couple competes against each other couple in its group. The club meets eight times, and it is required that each couple plays against each other In general, suppose an RRGD(8; 4; r) exists. Then = 3r=7 and d = 3r?7 1 . Consider the occurrence of three treatments, 1, 2 and 3 say. We can classify the parallel classes according to which other elements from this set occur in the same block as 1. Adding, we see that r + 12 + 13 + 23 is even for every possible choice of the three treatments 1, 2 and 3.
(i) Say r 2 (mod 7) : r = 7q + 2. Then = 3q + 6 7 so 1 = 3q, 2 = 3q + 1 and d = 6. The underlying graph consists of K 8 minus a one-factor and it is possible to nd three treatments 1, 2 and 3 such that 12 = 13 = 23 = 3q + 1. For this choice r + 12 + 13 + 23 = 7q + 2 + 3(3q + 1) = 16q + 5, which is odd | a contradiction.
(ii) Say r 3 (mod 7) : r = 7q+3. Then = 3q+1+ 2 7 , so 1 = 3q+1, 2 = 3q+2, d = 2. The underlying graph is regular of degree 2, so it is a union of cycles which covers all the vertices. If there is more than one cycle in the union, we can assume that vertex 1 is in one cycle and vertices 2 and 3 are adjacent vertices in another one. If the graph is a single cycle of length 8, we can take it to be (1; 4; 2; 3; : : : ). In either case 12 = 13 = 3q+1, 23 = 3q+2, and r + 12 + 13 + 23 = 7q+3+2(3q+1)+3q+2 = 16q + 7 which is odd | a contradiction. From the above we see that there can never be an RRGD(8; 4; r) with r 2 or 3 (mod 7). But suppose there were an RRGD(8; 4; r) where r 5 (mod 7). Such a design might contain repeated classes; say no class occurs more than n times. One could then construct an RRGD(8; 4; 35n ? r) as follows. There are 35 possible parallel classes on 8 objects. Take n copies of each of those classes. Then delete all the parallel classes in the RRGD(8; 4; r) (if a class was repeated, delete the appropriate number of copies). But this design has 35n?r parallel classes, and 35n?r 2 (mod 7), which is impossible. Similarly we can rule out 4 (mod 7). So we have Theorem 1. There is an RRGD(8; 4; r) is and only if r 0; 1 or 6 (mod 7). 4 . The case v = 12.
Lemma 2.1. There is no RRGD(12; 4; r) when 2 r 7.
Proof. (i) Say r = 2 or 3, so that < 1. Then 1 = 0 and 2 = 1. There is no pair of elements occurring together twice. On the other hand, if 1234 is a block in the rst parallel class, one of the three blocks in the second parallel class must contain at least two of f1; 2; 3; 4g. So xy 2 for some pair fx; yg | a contradiction.
(ii) Say 4 r 7. The RRBD(12; 4; r) for r = 9 and 13 r 18 were generated by the following technique. For the given parameters we constructed all regular graph designs which had a certain automorphism. The designs were tested for isomorphism. Then exemplars of the isomorphism classes were tested for resolvability. In most cases we found a solution using the automorphism (0123456789TE), although other automorphisms had to be used for r = 9 and r = 18. Larger order automorphisms give shorter computations.
This technique failed for r = 8. We attempted to nd a design with an automorphism group of order 4, but were unsuccessful. (We did not try all possibilities { there are a number of di erent presentations of 4-element groups { but we did enough to become discouraged.) The computation method would take too long with a group of order 3.
Instead we used the following hill-climbing technique. We represented a resolvable design on 12 points with r = 8 by an 8 12 array with each row partitioned into three parts; the three parts contain the elements of the three blocks in a given parallel class. The weight of an array was de ned to be the number of pairs of treatments which occur together in less than two, or more than three, blocks in the corresponding design. So we were seeking an array of weight 0.
The program takes an input array, selects a row at random, selects two blocks in that row at random, selects an element at random from each of those blocks, and interchanges the elements. The weight of the new array is calculated; if it is no greater than before then the new array becomes the input, otherwise the old input is retained. Then the process is repeated.
We started with the \worst-possible" array 0 1 2 3 4 5 6 7 8 9 T E 0 1 2 3 4 5 6 7 8 9 T E 0 1 2 3 4 5 6 7 8 9 T E 0 1 2 3 4 5 6 7 8 9 T E 0 1 2 3 4 5 6 7 8 9 T E 0 1 2 3 4 5 6 7 8 9 T E 0 1 2 3 4 5 6 7 8 9 T E 0 1 2 3 4 5 6 7 8 9 T E, of weight 66. If a run had not succeeded after 20; 000 iterations it was terminated; such a run took about 7 seconds of cpu time on a SPARC ELC. A solution was found after 50 runs. The designs constructed are displayed in Table 1 There are 5775 possible parallel classes on twelve points. So, after relabeling one class as 0123 4567 89TE, there are (5775)7=7! di erent ways to choose eight classes. At rst sight constructing and testing all these would take an infeasible amount of time. (The estimate in 3] is more than 1013 years.) So, in order to construct all possible RGD(12; 4; 8)'s, some restrictions on the structure must be found.
Suppose an RGD(12; 4; 8) exists. Then 2 = 3, so the special pairs occur together in three blocks. There are 12 special pairs and each object belongs to two of them. So, if we count each occurrence of each special pair in the design, we get 36 occurrences.
If abcd is any block in parallel class 1 of the design, it has intersection size at least 2 with at least one block in each later parallel class. So there are at least 13 occurrences of two elements from fa; b; c; dg in the same block { 6 in abcd and at least 7 others. So fa; b; c; dg contains at least one special pair. So every block contains at least one special pair. We shall refer to a block containing exactly one special pair as good. On the other hand, no block can contain 5 or 6 special pairs { in particular there are no repeated blocks { because no object belongs to 3 special pairs. Writing a i for the number of blocks containing precisely i special pairs, a 1 + a 2 + a 3 + a 4 = 24; a 1 + 2a 2 + 3a 3 + 4a 4 = 36: So a 2 + 2a 3 + 3a 4 = 12, a 2 + a 3 + a 4 12, and a 1 12. So there must be at least two parallel classes, each of which contains at least two good blocks.
Without loss of generality suppose 0123 and 4567 are good blocks and the rst parallel class is 0123 4567 89TE. In every subsequent parallel class there must be precisely one block with one pair from 0123 and one block with one pair from 4567, or else there will be more than 13 total appearances of pairs from those blocks. So there are only two possible patterns: xxyy xyzz xyzz or xxyz xyyz xyzz (where x means \one of 0123", y means \one of 4567" and z means \one of 89TE".) We'll say that classes of these kinds meet the rst class in type I and in type II respectively.
Without loss of generality, suppose the second parallel class also contains two good blocks. There are two cases: if classes 1 and 2 meet in type I, class 2 may be taken without loss of generality as 0145 2689 37TE and if they meet in type II, it is 0148 2569 37TE:
For each choice of the second parallel class we carried out the following computation. First we found S 1 and S 2 , the sets of all possible parallel classes which meet the rst and second class respectively either in type I or type II, and set S = S 1 \ S 2 . Then S was partitioned into orbits under the action of the set of permutations which stabilized the rst two classes; the orbits were ordered arbitrarily as T 0 , T 1 , : : : , and it was assumed: if i is the smallest integer such that the RRGD contains a member of T i , then the orbit leader of T i is included. So for each i we found all possible RRGD's containing the rst two classes, the orbit leader of T i , and ve other classes chosen from T i T i+1 : : : .
No further isomorph reduction was carried out, although clearly the computation could have been further reduced by more theoretical work. But the exhaustive computation was now feasible, and 66 designs were found. After testing for isomorphism we found there were two non-isomorphic designs, which are listed in Table 2 . We have:
Theorem. There are precisely two isomorphism classes of RRGD(12; 4; 8).
